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The Neumann-Moser system in one time

We introduce the oo-dimensional Neumann-Moser dynamical system in C3%° = C® x C® x C1+°

with graded coordinates U(t) = (ug, ug, ..., uan, ...), V(t) = (v3, vs, ..., Vo1, -..), W(t) =
(wg, W4y ooy W, WINR19, ) defined by
Up® = =2V, (1)
[ —( + wy — up)UR® + WP, 2)
Wi =2(n"" + w2 — u2) V7™, 3
OO . CX) . OO .
where Uﬁo =1+ Z ugmz, Vnoo — Z U2i—|—17727 W;?)O = 77_1 + Z w%nz—l.
i=1 i=1 i=1

The NM system satisfies the Lax equation

VOO UOO 0 —1
@) oo
where — Ly” = (WO@ —VOO) - By = (—(nl bwy —ug) 0 ) |

The Hamiltonian of the NM system is

roo o0 o0
Ln _[LnaKn ]7

0.9
2 . —1 —1
Hp® = HO(U, V, W) = —det Li® = Up°W° + (V) =71+ hon' ™,
i=1
One can construct an n-stationary NM system by setting uop, = vop.41 = wap19 = 0 for all & > n.

Key properties

Lemma 1.1. The NM system is homogeneous in grading if we assume

degd =1, degugp = degwyy =2k, degugp 1 =2k + 1.

Lemma 1.2 (see [2, Corollary 3.7]). Let U(t), V(t), W(t) be a solution of the NM System.‘
For any k£ > 1, the functions wy._o and vy._1 are described as differential polynomials of
u, ..., Usi._o and the constants ho, ..., hop.

Theorem 1.3 (see |2, Theorem 5.2]). We have the following recursion:

L. 3
ugg = lo(k—1) — (hz — Su2)u(k—1) + Shok —

— é Z (4U2U2

) + Uty 1) — 2ugglig ;1) + 4(hg — 2U2)u2’13u2(k—73—1))'

Corollary 1.4. Every wuop, v9r 1, wyr IS a differential polynomial in up and the constants
ho, ..., hog.

Unlike in the case of o-functional solutions [2, §7.2], we allow any values of the parameters.

Corollary 1.5 (see [1, Theorem 3.4]). The recursion in Theorem 1.3 is the Gelfand-Dikii
recursion up to a constant multiplication of us.

Lemma 1.6 (see [2, Theorem /.2]). Forallk > 1, dgp9 = %uf]g + 2(ug — %hg)u% + UouUst..

Transformation to the C. Neumann system

The n-dimensional parametric C. Neumann dynamical system (1859) describes the movement of a
particle on a real unitary n-sphere in R**! under the influence of a potential I'(¢) = Z?Jﬂl(y@ —a;T 2)
(a force that keeps the particle on this sphere):

{abk(t) = yi(t)

Ur(t) = —(T(t) + ag) (1),
with the vector of parameters A = (ay, ..., ap+1) € R”" such that a; # a;if ¢ # j, and with initial
conditions Z’”’H 2(O) =1 Zfﬂl 2;(0)y;(0) = 0.

The complexification of the C. Neumann system is well-defined. Its Poisson bracket is induced by
the canonical bracket in C2"*2 The Moser Transformation [4, §3] of the C. Neumann system is a
degree 21 branched covering that transforms it into the n-stationary NM system.

1 <k<n+1, (4)
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Theorem 2.1 (see [2, §2] for formulas). Fix A = (ay, ..., apt1). Let 7 =+/—1t, and let (U, V, W)
be the result of Moser transformation of the C. Neumann system. Define U(t) = U(7), V (t) =
V(r), W(t)=W(7). Then U(t), V(t), W(t) give the n-stationary NM system. We give explicit
invertible matrices (whose entries are symmetric polynomials in A) that describe the Moser

transformation modulo the signs of coordinate pairs (z;, y;). Note that I'(7) = wa(t) — ua(?).

Therefore all solutions of the parametric C. Neumann system can be obtained from solutions of the
NM system. The same is true for integrals.

Extension of the NM system to many times

A standard method in the theory of integrable systems allows to introduce dependence of the
extended NM-system on times t; = ¢, t3, t5, ..., 0; = %, where each evolutionary differential

operator dyp._1 Is defined by its value in Oy _quo.
From Corollary 1.4, for the NM system in many times to be well-defined, it is enough to have
Oop 1091 qu2 = 09 _10opqua Yk, [ > 1.

For reasons that become apparent later, our core condition is

Dof—1u2 = O1ugy.
Note that this is a differential polynomial in us (from Corollary 1.4). We require

Oop—1091—1ug = 0100k _1ugy = 0109 _qUg), = Oyj_109p_1u2 Vk, [ > 1.

Theorem 3.1. For k, 1 < 6, one has Oy._quy; = Oy_qu9; therefore, for 1 < n < 6, the n-
stationary NM system in many times is well-defined without any extra conditions.

Conjecture A. The same holds true for any natural &k, [, n.

This allows for purely computational solutions for any base function uo and any parameters.

This also radically simplifies the Mumford system in the form by Vanhaecke [6, §VI] (also [5, §3]).

The NM system as a model for the KdV hierarchy

Let g = g(t =11, t3, t5, ...). Define the (formal) Lenard operator
Algl = 107 — u — 391077,
Let {Gar(9) }x>0 be differential polynomials in g determined by
atG2/€—|—2 — A[g] (675G2/€)7 k>0,
% and Go = —%g. The KdV hierarchy is the infinite family of compatible flows
at2k+1G2 — atGQk—l—Q(g)? k= 07 17 27 s
The first nontrivial flow (k = 1) is the KdV equation

where 8{1 Is the zero-mean antiderivative.

with seeds G =

dgts = 699t — gt
We call a solution n-stationary if 5’t2j+1g = 0forall j > nbutd, 97 0(Gaj42is0forj>n).

The KdV equation describes the propagation of waves in media where the effects of nonlinearity
and dispersion are balanced. In 1967/, Gardner, Green, Kruskal, and Miura showed that the
eigenvalues of the Schrodinger operator

82

[ —

where g = u(t, t3) is a solution of the KdV-equation, are integrals of the KdV-equation. In 1968,

Lax showed that the KdV-equation is equivalent to the equation

3 3
Or,(L) = [0} — ~uds — ~u, L),
2 4
Theorem 4.1 (see [2, Theorem 7.2]). Let U(t), V(t), W (t) form an n-stationary NM system. Then |
uo, ..., ugn are differential polynomials in I' = w9 — us = hog — 2u9 such that
. 1. . 1 (3 . 1. .
Uy = —§F, U919 = Zué@) — [y, — §Fu27; forall 1<7<n-—1,

0 = ug?;l) — 41'u9,, — ZF’LLQn.

Consequently, solving the KdV hierarchy is equivalent to solving the NM system in many times.
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Quantization of the NM system in many times

Quantization of an integrable model promotes its Lax data to operator-valued matrices so that
transfer matrices commute and generate quantum Hamiltonians. Buchstaber & Mikhailov [3]
propose a novel approach to quantizing stationary flows of the KdV hierarchy, known as the
N-Novikov equations, and obtain guantum Novikov N-hierarchies for N < 4.

Let Ag = (C[so, S1, .-, D) with D(si) = s.41, So = s being some function. Set the Schrodinger
Lax operator L = D% — sy and its formal square root

L=D+)» 5L,D7",  L°=L.

n>1
Define Gelfand-Dikii densities pys. = res £ 2k—1 (pp = 1). The KdV flows are
Oyy_150 = Xop—1(s0) = —2D(pa),  k=>1.

Let By = (C(sq, s1,-.-..), D) be the free differential algebra. The same pseudodifferential calculus
yields non-commutative densities go;. = res £25=1 (monomials do not commute). Set

N—1
FoN42 = 0N+2+ D OyN_ky1) 02k IN = (Foni2, DFonio,---),
k=0
and the quotient By = By/Zy = C(sgp,...,son_1) carries induced commuting derivations (the

finite non-commutative N-Novikov hierarchy). Non-commutative first integrals live in the cyclic
quotient By /Span|Byy, By| and are expressed via a bilinear form ¢ adapted to the non-commutative
residue (so that D(o) = res[-, -|). The derivations d;, ., induce derivations Dyy,_1 of By.

Introduce graded parameters q and work over By(q). A two-sided homogeneous ideal Qn C
Bx(q) is a quantisation ideal if (i) it is Poincaré-Birkhoff-Witt (PWB; ordered monomials project
to a nondegenerate basis of Cy = By(q)/Qp), and (ii) it is invariant under the N-Novikov
derivations. The PBW property provides a well-defined normal ordering and yields a consistent
guantum N-Novikov hierarchy on Cy.

Within a cyclic Frobenius algebra framework [3, §2.2], quantum flows take the Heisenberg form

1 ~
Oty 150 = 7 [HZk—l,QN—I-l? 58] mod 9,

and the first N Hamiltonians commute. For N < 4, the normally ordered quantum N-Novikov
equations coincide (as formulas) with the classical commutative ones.

Example N = 1. Theideal @1 C Bj(q) is D-invariant iff sgs; — s1sg = th, where h is an arbitrary
parameter. The quantum Novikov's 1-equation can be written in the Heisenberg form

% 933, S0]

where the Hamiltonian operator is £33 = 557 —

1
01,80 = 51 = O, 51 = 38 + 8ay = > 3.3, 51] ,

58 — 8aysg and |s1, sg| = ih.

Example N = 2. The quantum Novikov's 2-equation can be written in the Heisenberg form

i [ spy1, 0<E <2
Ousk =7 1935 5] = \ 3205 — 160450 + 552 + 10sou — 10s3, &k = 3.

The quantum dynamical system Co, corresponding to the derivations D3, can be written in the
Heisenberg form

)
40458}, = r 955, 51| = DF (53— 6s150) -

Conjecture B. The same N-stationary quantum KdV hierarchy can be obtained by quantizing the
N-stationary NM system using the same methods for all N.
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